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TRANSIENT ROTARY SHEAR WAVES IN
NONHOMOGENEOUS VISCOELASTIC MEDIA
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Abstract-Propagation ofaxisymmetrical rotary shear waves in nonhomogeneous viscoelastic media with a
cylindrical hole is studied. Nonhomogeneities are assumed to depend on the radial distance from the axis of the
hole. By means of the theory of the propagating surfaces of discontinuities, the solutions for the shear stress and
particle velocity are expanded as Taylor series about the time of arrival of the wave front. Both stress-prescribed
and velocity-prescribed boundary conditions are considered. The corresponding elastic problem is investigated
as a special case; and, for certain types of nonhomogeneity, explicit solutions are presented and compared with
the solutions obtained by the Laplace transform technique.

INTRODUCTION

THE transient wave propagation in nonhomogeneous elastic media has drawn much
attention recently. Sternberg and Chakravorty [1] investigated the propagation ofrotary
shear waves in a nonhomogeneous isotropic elastic plate of infinite extent with a circular
opening. In [1], it was assumed that the shear modulus of the material was proportional to
an arbitrary power of the radial distance from the center of the hole. Solutions were
obtained by the Laplace transform technique. Chou and Schaller [2] later reconsidered the
problem by employing the method of characteristics to develop a numerical scheme which
was feasible for a wider class of nonhomogeneities. An analogous problem of axial shear
wave propagation in nonhomogeneous elastic media has been investigated by Chou and
Gordon [3] and later by Reddy and Marietta [4] by employing different approaches.
Several authors [5-8] obtained solutions for longitudinal waves in various nonhomo
geneous elastic rods of finite and semi~finite lengths.

A survey of the literature indicates that while propagation of transient waves in non
homogeneous elastic media has received considerable attention, few problems of transient
wave propagation in nonhomogeneous viscoelastic media have been investigated. Only
recently Reiss [9] has studied the propagation of one-dimensional stress discontinuities
in nonhomogeneous viscoelastic media by employing theory of weak solution. Since he
used the model representation for the viscoelastic constitutive relation, the analysis was
limited to less realistic materials.

In the present paper, the propagation of transient cylindrical shear waves in non
homogeneous viscoelastic bodies is considered. The constitutive relation of the material is
described by a creep function in shear. The theory of propagating surfaces of discontinuity
is employed. Both the solutions for the stress and the particle velocity are expressed as
Taylor's expansions about the wave front. Two types of boundary conditions with stress
and particle velocity prescribed are considered. This analysis leads us to study the stress
discontinuities ofvarious order. The method, as is employed here, was applied by Achenbach
and Reddy [101 to solve a wave propagation problem in a homogeneous viscoelastic rod,
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and, later, by Reddy [8] and Reddy and Marietta [4] to investigate the longitudinal wave
propagation in a nonhomogeneous semi-infinite elastic rod and the axial shear wave
propagation in a nonhomogeneous elastic medium.

The elastic problem considered by Sternberg and Chakravorty [1] naturally becomes a
special case of the present investigation. The type of nonhomogeneity and the boundary
conditions, as treated in this paper, are, however, more general than that of [1]. As examples,
elastic materials with simple power distribution of the shear modulus under a step stress
pulse are considered. For certain cases, where closed form solutions are obtainable by the
Laplace transform technique, it is shown that the same solutions can be obtained by the
present method. A numerical comparison between the present analysis and [1] is done for
a particular case for which there exists no closed form solution. It is found that a few terms
in the Taylor expansion suffice to give an accurate solution for the stress that is sufficiently
near the wave front.

FORMULATION OF THE PROBLEM

For an axisymmetrical displacement field of pure rotary shear, the nontrivial displace
ment component and the equation ofmotion in cylindrical coordinates (r, e, z) are

and

Ue = u(r, t) (1)

(2)

respectively. In equation (2), r is the nonvanishing shear stress and p(r) is the mass density.
The physical problem governed by equations (1) and (2) may be interpreted as a plate of
infinite extent with a circular hole or an infinite medium with a cylindrical port subjected to
an axisymmetrical rotary disturbance. For convenience, we choose, in the sequel, the
former case for discussion.

Consider a nonhomogeneous, linearly viscoelastic plate with a circular hole of radius a.
We assume that the plate is in a state ofplane stress. The material properties are assumed to
depend solely on the radial distance from the center of the hole. If the medium is at rest
prior to t = 0, the stress-strain relation can be expressed in the form

2erl/(r, t) = Jo(r)r(r, t) + [' J(1)(r, t - s)r(r, s) ds
Jo+

where the shearing strain is defined as

erl/ = ~(ou _'!.)
2 or r

and J(r, t) is the creep function in shear. In equation (3) we also define

(3)

(4)

J(")( ) = 0"J(r, t)
r, t at"' Jo = J(r, 0), JI;') = 0"J(r, t) I .

ot" 1=0

(5)
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We first introduce the following"new variables:

(1 = r 2•

U = u/r, V = v/r
B(n)(r, t) = J(n)(r, t)/r3 Bo = J 0/r3, B~) = J~)/r3•
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(6)

(7)

(8)

(9)

In equation (8), v is the tangential particle velocity. By virtue ofthe above modified quantities,
we are allowed to rewrite the governing equations, equation (2) and (3), in simpler forms
as

(10)

(11)au it---;- = Bo(r)(1(r, t) + B(1)(r, t - s)(1(r, s) ds
ur 0+

respectively. Thus, we need to determine the solutions for equations (10) and (11) which are
conformable to the appropriate boundary conditions. In this paper, two types of boundary
conditions will be considered:

(a) The shearing stress at the hole, .(a, t), is prescribed and can be represented by a
Maclaurin expansion

t > O. (12)

(b) The tangential particle velocity at r = a, v(a, t), is prescribed and can be expanded as

00 tn
v(a, t) = L vn ,

n=O t.
t > O. (13)

PROPAGATION OF THE WAVE FRONT

The wave front is defined as the surface which travels through the medium as t varies
continuously, and across which there may exist a discontinuity in the stress, particle velocity
and their time derivatives. In view ofthe axisymmetry of the problem, we may suppose that
the position of the wave front is given by

r = t/J(t).

Then the velocity of the wave front relative to the material is obtained as

dt/J
c = dt"

From equation (15), we obtain

J
'dr

t = c/>(r) = -.
Q C

(14)

(15)

(16)



28 CHIN-TEH SUN

Basic to the study of propagating discontinuities is the kinematical condition of com
patibility which is discussed in general by Thomas [11). For a function f(r, t) which is
discontinuous and has discontinuous derivatives across the wave front that moves in the
radial direction with velocity e, the kinematic condition of compatibility takes the form

~ [fJ = [Of] +e[Of]dt ot or (17)

where, in the usual manner, finite jumps across the wave front are denoted by square
brackets.

In this paper, it is assumed that the integrity of the material is not affected by the
propagation of the stress, i.e. the displacement remains continuous. Thus

[uJ = 0 (18)

(19)

(21)

(20)

across the wave front. From equation (8), it is noted that the modified displacement U is
also continuous across the wave front. With the foregoing in mind, we apply the general rule
given by equation (17) to U to obtain

[oo~] = -~[oo~J.
Since the integral in equation (11) is continuous at the wave front, we have the relation

[oo~] = Bo[a).

Elimination of [oU/orJ from equations (19) and (20) yields

[aJ = __1 [OU].
Boe ot

Conservation of linear momentum at the wave front was discussed by Thomas [l1J in a
general form. For the present problem, it can be expressed in the form

[oJ = - pe[v). (22)

(24)

(23)

In terms of the modified stress a, the modified mass density m and the modified particle
velocity V, equation (22) becomes

[aJ = -me[VJ.

Comparing equation (21) with (23), we obtain

2 1 1
e =--=---

Bom J o(r)p(r)

Thus, the wave front propagates with a velocity which depends on the glassy compliance
and the mass density, and, consequently, may vary as it penetrates into the medium.

PROPAGATION OF ROTARY SHEAR WAVES

The transient axisymmetrical shear wave propagation problem is governed by equations
(10) and (11) together with the quiescent initial conditions and the boundary conditions as
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given by equations (12) and (13). Following Achenbach and Reddy [10] we now seek the
solutions for the stress and the particle velocity as Taylor's expansions about the time of
arrival of the wave front. In terms of the modified field quantities, a and V, we write

(26)

(25)t ~ cjJ(r)

t ~ cjJ(r).

<X) 1 [ana]a(r, t) = L ,{t - cjJ(r)}n ~t"
n:O n. u t=4>(r)

<X) 1 [onv]V(r, t) = L ,{t-cjJ(r)}" ~
n=on. uf' t:4>(r)

The problem is then reduced to seeking solutions for the propagating discontinuities, or the
coefficients of expansion in equations (25) and (26).

We first differentiate equation (11) with respect to t for n +1 times to obtain

(27)

Since the integral is continuous at the wave front, equation (27) yields the following relation
between the discontinuities

[
on+2 U ] _ [on+l a] n+l i)[on+l-ia]

or otn+1 - Bo otn+1 + i~ Bg otn+ 1 i • (28)

Applying the kinematic condition of compatibility as given by equation (17) to the
derivatives on+ 1 U/On+ l(n ~ 0), we obtain

(29)

Elimination of [On+ 2U/orotn+1] from equations (28) and (29) leads to

(30)

For n = 0, equation (30) becomes

d [aU] [02 U] [oa] 1- - - - = cBo - +B~)[a].
dt at ot2 at

(31)

From equation (10) we have

[oa] = [02 U]
or m ot2 . (32)

By employing the relation

d [oa] [oa]-[a] = - +c -
dt at or

(33)

equation (32) can be written as

(34)
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(35)

(36)

We now substitute equations (23) and (34) in equation (31) to obtain, after some manipulation,

d
dt[a]+oc(t)[a] = 0,

where

1 JbIl 1 d
oc(t) = - --- - (me).

2 J o 2me dt

For n ~ 1, the discontinuities of the time derivatives of V on the left-hand side of
equation (30) can be replaced by the derivatives ofa as follows. We differentiate equation (10)
with respect to time for n - 1 times to obtain

(37)

(38)

Using relation (37) we are able to eliminate the time derivatives of V from equation (30).
We obtain, for n ~ 1,

]
d ( 1) 1 d [ ana] 1 [on+ la] [on+ la]

1 dt;;; +me dt or am 1 - me or otn = Bo otn+ 1

n+l il[on+l-ia]
+ .L sg otn+l-i .

1= 1

By writing the kinematic condition of compatibility for on-lajotn- 1 and onajotn, and
employing the relation

1
BO =-2

me
(39)

we obtain from equation (38) the following linear ordinary differential equation for
Wajotn]:

:t[~:~]+OC(t{~:~] = Fit) for n ~ 1.

In equation (40), oc(t) is given by equation (36), and Fn(t) is defined as

(40)

(41)

Ifwe define Fn(t) = 0 for n = 0, the general solutions for equations (35) and (40) can be
written in a single expression as

where

f3(t) = {OC(S) ds,

(42)

(43)
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and A,,(n ~ 0) are integration. constants to be determined by the boundary conditions.
The growth or decay of the magnitudes of propagating discontinuities is determined by the
sign of f3(t). In view ofequation (36), it is evident that all such disturbances in a homogeneous
viscoelastic medium always attenuate, since for linear viscoelastic solids experiments have
confirmed the positive nature of J 0 and J~I), the glassy compliance and the initial slope of
the creep function. We also observe from equation (36) that it is possible for f3(t) to assume
negative values for certain types of nonhomogeneity. Thus, the shear wave may also grow
as it propagates into a nonhomogeneous viscoelastic medium.

A close examination of equations (41) and (42) reveals that the solution of [o"%t"]
depends on the solution of [0"- 1(1/ot"- 1]. For n = 0, the solution is

[(1] = Ao e-/l(t). (44)

For n ~ 1, the solutions are obtained from equation (42) together with equations (41) and
(44).

Before we proceed to determine the arbitrary constants, A", it is necessary to determine
the coefficients, [o"V /ot"], of the Taylor's expansion for the modified particle velocity V as
given by equation (26). Since the solutions for [o"(1/ot"] (n ~ 0) have been obtained, we will
express [o"V/ot"] in terms of [o"(1/ot"] and their time derivatives. From equation (23), we
have

1
[V] = --[(1].

me

For n ~ 1, we employ the rule as given by equation (17) to O,,-l(1/ot,,-l. We write

d[O,,-I(1J [o"(1J [0"(1 J
dt ot,,-1 = ot" +e orot,,-1 .

Substitution of equation (37) in equation (46) yields

(45)

(46)

(47)[o;;J = ~e{:t[~"t~~~J- [~:~J}.
In deriving equation (47), the relation V = aU/ot was used. In view of equation (47), the
Taylor's expansion for V can now be written as

co 1 {I [o"(1J 1d[O"-I(1J}V(r, t) = L -,{t-!/>(r)}" - -II -- - --=T
,,=0 n. me ot me dt ot" 1=4>(r)

in which we set

d[o,,-I(1J .
- -- =Olfn=O.
dt at"- 1

(48)

(49)

This completes the general solutions for the stress and the particle velocity.
The two types of boundary condition as described by equations (12) and (13) are now

employed to determine the constants of integration in equation (42). For type A of the
boundary conditions, the stress is prescribed at r = a, and we can write

co t"
(1(a, t) = L (1",

,,=0 n.
t > 0 (50)
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in which the coefficients an are given by

(51)

Comparing equation (50) with equation (25) at r = a in conjunction with equation (42) we
obtain

(52)

For type B of the boundary conditions, the particle velocity at the boundary surface
(r = a) is expanded in a Maclaurin series as given by equation (13). Equation (13) may also
be written in terms of the modified particle velocity V, i.e.

where v" are defined as

00 tn
V(a, t) = L v",

n=O n.

v" = vja.

t > 0 (53)

(54)

(55)

A comparison between equation (53) and equation (48) at r = a yields

[
ona] d [on-l a]- -- -- = -mcV.
otn 1=0 dt otn- 1

1=0 n'

It is noted that in equations (55) the relation t = ¢(r) at the wave front is employed. From
equation (42), we have

n ~ O.

[
ona]An = -n .
ot 1 = 0

Substitution of equation (56) in equation (55) yields

d [on-l a]
An = -d ;:l n-l -mcv",

t ut 1 = 0

In view of equation (49), we obtain the value of the first constant

Ao = -mcVo·

(56)

(57)

(58)

It is observed that the solution for [on- la/otn- 1] as given by equation (42) involves only the
constants Aj(i ::s; n-l). Thus, all constants An can be determined successively according to
equation (57) if the first constant Ao is known.

NONHOMOGENEOUS ELASTIC MEDIA

The governing equations as well as the solutions for waves in the nonhomogeneous
elastic medium can be derived from those as have been described in the previous sections
by requiring that

J(n)(r, t) = 0 for n ~ 1. (59)

More specifically, the stress-strain relation for the corresponding elastic problem is

ou u 1
---=~ ~~
or r Jl.
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where J1.(r) is the shear modulus, and is a function of r only. It is easy to show that

1
J o =-

J1.

and that equation (11) becomes
aua-;: = Bo(r)a(r, t)

in which
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(61)

(62)

(63)

By substituting equation (59) in equation (36), we can carry out the integration of equation
(43) to obtain

1 (mc)f3(t) = --log -
2 moco

where

(64)

Co = clr=a' (65)

It follows that equation (42) now takes the form

in which

(66)

(67)

The problem of axisymmetricaI shear wave propagation due to a suddenly applied
uniform shearing traction in a nonhomogeneous elastic plate of infinite extent was studied
by Sternberg and Chakravorty [1]. Solutions were obtained by the Laplace transform
technique. Chou and Schaller [2] reconsidered the problem by employing the method of
characteristics to develop a scheme for numerical solutions. In the sequel, we will consider
the problem of [1] as a special case ofthe present analysis, and compare the present solutions
with the solutions obtained in [1]. Following [1] the shear modulus ofthe nonhomogeneous
plate is taken proportional to an arbitrary power of the radial distance from the axis of the
opening, i.e.

(68)

where '1 is an arbitrary real number, and J1.0 is the value of J1. at the hole. In order to shorten
the analysis, the mass density p is regarded as constant. Using the expression for the shear
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modulus as given by equation (68), the following relations can be easily obtained:

Bo(r) = a~/floy3+~

In = pr3

c = co(r/a)~!2

Co = (flo/P)!·

(69)

(70)

(71)

(72)

If a stress of magnitude 'to is suddenly applied at r = a and maintained constant there
after, the boundary condition is then given by equation (50) with

an = 0 for n 2 1. (73)

The position of the wave front satisfies

a~/2 fr dr
t = ¢(r) = - --.

Co a r~/2
(74)

The integration of equation (74) depends on whether Yf #- 2 or Yf = 2. This leads us to deal
separately with these two cases.

Case 1. Yf #- 2

For Yf #- 2, equation (74) yields

Solving equation (75) for r we obtain

(
2- Yf ) 2/(2 -~)

r = a ~cot+l .

(75)

(76)

It is noted that equations (75) and (76) hold only at the wave front. With equation (76), the
expressions ofm and C at the wave front as given by equations (70) and (71), respectively, can
be written as functions of time, and, subsequently, the total differentiation of the product mc
with respect to time can be obtained. Equation (67) then assumes the form

(77)

Solutions for the discontinllities are obtained from equation (66) by straightforward
integrations. The coefficients of expansion in equations (25) and (48) are subsequently
obtained from the discontinuities by replacing t by ¢(r). The general forms of the first two
coefficients are

(
r)(6+~)/4

[aJr=4>(r) = Ao ~

[oaJ _{ (r) -(2-~)/2 }(r)(6+~)/4
~ - A 1 - Aok - +Aok -
ut t = 4>(r) a a

(78)

(79)
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In equation (79),

k = co(6+'1)( -10+'1).
16a(2-'1)

In view of equation (52) and the boundary condition, equation (73), we have

Ao = 0"0' An = 0 for n ;:::: 1.

For '1 = -i, the complete set of coefficients can be obtained as

[0"]1 =</>(r) = (~r30"0

(80)

(81)

(82)

[anO"] = (_I)n(4co)n{(!:.)4/3 -1}0"0
at" 1 =</>(r) 3a a

The solution for the modified stress 0" is

n;:::: 1. (83)

0" f (_~)n(~4/3_1){~t*_b)}n -1 = (~4/3-1)exp {-~(t*-b)} - 1
n=O n. 3 3

t* ;:::: b (84)

where

~ = ria

t* = cotla

(85)

(86)

(87)

By using relations (6) and (51), we write the solution for the shear stress r in the dimensionless
form

(88)

where

r* = r/ro (89)

is the dimensionless shear stress. This solution was obtained earlier by Sternberg and
Chakravorty [1], who used the Laplace transform technique.

The solution for the particle velocity may be similarly computed. It can be shown that the
closed form solution for v according to the present analysis also agrees with the solution
of [1].

For the case '1 = 10, we obtain

(90)n;:::: O.[~n;1=</>(r) = An(~) 4

Since the boundary condition requires that Ao = 0"0 and Ai = 0 for i ;:::: 1, it is evident that

(91)

is the only non-vanishing coefficient of expansion. The solution for the shear stress is then

r* = ~2 t* ;:::: 1(1-C 4
) (92)
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which agrees with the solution obtained in [1]. It is noted that the stress grows as it propa
gates into the medium, though there is geometrical damping.

Case 2. Y/ = 2
For this case, the time of arrival of the wave front at r is given by

a r
t = ¢(r) = -log-.

Co a

Inverting equation (93), we obtain

r = a ecot/a•

(93)

(94)

With equations (93) and (94) obtained, it is straightforward to calculate the coefficients of
expansion. The dimensionless solution for the shear stress is obtained as

where

t* > }' (95)

(96)

1*
~=I

IO!----,----r-r-...L.--'------

---LAPLACE TRANSfORM

8

6

4

2

o

"2

- - - - PRESENT SOLUTION
10 TERMS

-40~-~-'----!:2-L---!3~--4!--~5--~6-t*

FIG. I. Stress as a function of time at various positions for f1 == 2.



Transient rotary shear waves in nonhomogeneous viscoelastic media

and the first five coefficients of bn are

bo = 1

b l = -21'

b2 = 21'2

b3 = 2( _~1'3 +1')

(
4 4 2)b4 = 4 4! l' -1' .
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In Fig. 1, the dimensionless stress r* is plotted against t* for several values of e. The first
ten terms in the series are retained. For comparison, the solution obtained by Sternberg and
Chakravorty [1] is also shown in the same figure. It is found that the present 10-term
solution compares favorably with the solution of [1] over the time range that is close to the
time of arrival of the wave front. This range can obviously be widened if more terms in the
series are taken.
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AfiCTpaKT-l1CCJIe,ll,yeTcli pacnpOCTpaHeHHe oceHMMeTpH'lecKHx bpaHyaMe6bIbiX BOJIH C,ll,BHra B HeO,ll,HOpo
,lI,HbIX BII3KoynpyrHx cpe,ll,ax c UHJIHH,lI,pH'IeCKHM OTBepCTJleM. npe,ll,nOJIaraeTCII, 'ITO HeO,ll,Hop0,ll,HOCTb
3aBHCHT OT pa,ll,HaJIbHOrO paCCTOIIHHII OT OCH OTBepcTHli. C nOMOIUblO TeopHH pacnpOCTpaHeHHII nOBepx
HOCTeit pa3pbIBa, paCWHpalOTCIi peweHHlI ,lI,JI1i HanplilKeHHll. C,lI,BHm H CKOpOCTH '1aCTHU, bKallecMbe PII,ll,Ob
Teil.JIopa no BpeMeHH npH6bITHli cPpoHTa BOJIHbl. PacCMaTpHBaIOTCIi KpaeBbie yCJIOBHII, TaK Mil 3a,ll,aHHb1X
HanpJllKeHHll., KaK H3a,ll,aHHoll. CKOpOCTH. B Ka'lecTBe CneUHaJIbHOrO CJIy'lall, HCCJIe.QYeTCIi COOTBeTCTBYIOIUali
ynpyrall 3a,ll,a'la. AalOTCli peweHHlI BJlBHOM BH,lI,e,ll,JIll HeKOTopbIX THnOB HeO,ll,HopO,ll,HOCTH aCpaBHHBaIOTCIi
C peWeHHJlMH, nOJIy'leHHblMH Ha OCHOBe npeo6pa30BaHHlI JIanJIaca.


